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This paper discusses dynamical system synthesis with strange chaotic attractors. Such dynamical systems have 

abstract mathematical meaning but can be used to solve different applied problems. Two approaches for the formation 

of strange attractors are proposed. The first approach is a direct approach based on searching the coefficients of the 

nonlinear differential equation system that satisfy the required conditions for Lyapunov exponents and Kaplan-Yorke 

dimension. The second approach is an indirect approach based on methods and models of spacecraft attitude dynamics. 

The search for strange attractors is conducted using the differential evolution algorithm. Some new strange attractors 

are synthesized and analyzed. The analysis involves obtaining Lyapunov exponents, Kaplan-Yorke dimensions, and 

bifurcation diagrams. 
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 Introduction 

The multifaceted study of chaotic phenomena has been and remains one of the broadest current topics. The first 

prerequisites for the foundation of chaos theory were laid by James Clerk Maxwell [1995]. He discussed complex 

phenomena in which instabilities may occur, using the example of double refraction of light. When solving the 

three-body problem, Henri Poincaré noticed and discovered that a slight change in the initial conditions leads to 

their trajectories moving rapidly away from each other [Poincaré, 2017]. As it is known, the phenomenon of 

dynamical chaos was first discovered by Lorenz in 1963 when he studied atmospheric convection [1963]. The same 

model was obtained by Haken in 1975 to explain the phemomenon of irregularly spiking lasers [Haken, 1975]. In 

1976, Rössler [1976] derived a dynamical system with a strange attractor, which has only one nonlinear term. In 

1984, Matsumoto discovered a chaotic attractor in a simple autonomous circuit [1985; 1986; 1987]. Later, the 

existence of a chaotic attractor in an electrical circuit was proved experimentally [Zhong & Ayrom, 1985]. In 

addition, the existence of the hidden attractor based on Chua’s circuit was confirmed [Kuznetsov et al., 2023]. In 

2012, Sprott proposed a system of ordinary differential equations (ODE) with strange attractors [Elhadj & Sprott, 

2013].  
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Owing to the significant interest in strange chaotic attractors in dynamical systems and the complex dynamical 

behavior they exhibit, an interesting problem has arisen regarding the deliberate creation of such attractors in various 

types of systems, including their automatic generation. 

Sprott was one of the first to propose the automatic generation of a strange attractor algorithm [1993]. He 

considered the quadratic map and suggested randomly sorting the mapping coefficients and initial conditions until 

the Lyapunov condition is fulfilled. Later, a similar approach was expanded for ODE [Sprott, 1994; Sprott, 1997; 

Li & Sprott, 2013], trigonometric functions [Li & Sprott, 2017], and hyperchaotic systems [Sprott, 2000]. Based on 

Sprott’s attractors, Wang and Chen [2013] proposed the methodology of strange attractors generation with 

equilibrium points. Similar problems were discussed in [Yang & Qiao, 2019]. The paper [Yang & Qiao, 2019] 

presents a methodology for constructing simple analytical chaotic systems. Also, this problem was solved for 

strange attractors with an infinite number of equilibrium points [Pham et al., 2016; Mobayen et al., 2018]. 

Another way to generate a strange attractor is Chua’s circuit. To provide the chaotic behavior, Chua’s circuit 

must contain at least one nonlinear element, one locally active resistor, and three energy-storage elements [Kennedy, 

1993]. One of the first modifications of Chua’s circuit was proposed in 1994 by Zhong [Zhong, 1994]. He replaced 

Chua’s diode by the cubic polynomial to eliminate the losses due to piecewise-linear approximation. The torus-

doubling phenomenon was discovered by mutual coupling of four Chua’s circuits in the paper [Zhong et al., 1998]. 

The authors [Zhong et al., 1998] also found that the attractors have a torus-like structure while the correct selection 

of resistors. The papers [Keuninckx, 2014; Keuninckx, 2015] present a two-transistor resistor-capacity phase shift 

oscillator to produce the chaotic behavior of the system. The feature of the proposed circuit is the absence of an 

inductor. Zhang et al. [2021; 2022] introduced the memristor into Chua’s circuit. The possibility of generating 

multiscroll attractors by tuning the memristor internal parameters was demonstrated. Similar approach was used in 

the papers [Marco et al., 2022; Escudero et al., 2023]. In [Marco et al., 2022], Chua’s circuit with a real non-volatile 

memristor that obeyed the Stanford model was considered, and in [Escudero et al., 2023] it was successfully 

integrated into the real device. Besides, two novel five-element chaotic circuits were designed by the current-

controlled memristor in [Wang et al., 2023]. Rocha and Medrano-T [Rocha & Medrano-T, 2022] considered Chua’s 

circuit with nonlinearity based on the exponential hyperbolic characteristics of semiconductors. 

In addition to the above methods, strange attractors can be generated based on the experimental data set. In 

[Kennedy, 1994], based on experimental observations, the mathematical model of a bipolar junction transistor was 

proposed to simulate chaotic dynamics in the Colpitts oscillator. As stated in [Petrzela, 2016], a chaos can also be 

observed in state-variable filters. In addition to electrical circuits, strange attractors have been observed in 

mechanical and biological systems. So, Illing et al. [2012a] reduced the equations of motion of the Malkus water 

wheel to the Lorenz system. Based on experimental data, they determined the inclination angle, viscous damping 

rate, and total mass flux at which chaotic dynamics are achieved. The obtained results were further verified by an 

adaptive observer and an extended Kalman filter [Illing, 2012b]. Based on the observation data, a system of partial 

differential equations [Medvinsky et al., 2002] was proposed to describe the aquatic ecosystem. This system 

exhibits chaotic behavior under the parameters given in [Medvinsky et al., 2002; Kramer & Bollt, 2013]. Another 

example is the Hindmarsh-Rose neuron model in which chaotic dynamics can occur. In [Ma et. al; 2022], rotation 

control of the Hindmarsh-Rose was proposed for adjusting the offset of the neurons. Based on the obtained results, 

it was concluded that strange attractors can be rotated by a given angle without changing the phase space and LEs. 

Also, methods are being developed for reconstructing strange attractors from data using ordinary least squares 

[Karimov et al., 2023] or the least squares method [Aguilar-Ibanez et al., 2025]. Finally, some new aspects of 

different types of attractors creation [Danca et al., 2021; Qu et al., 2025] and investigation [Wang et al., 2023; 

Zhang et al., 2024] can be noted. 

Generally, a strange attractor is considered a tool for image encryption problems [Wu et al., 2015; Wu et al., 

2018; Niyat & Moattar, 2020]. However, generated strange chaotic attractors may be used to deliberately induce 

chaos in the dynamics of technical systems, thereby enabling novel ways of controlling their behavior.  
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For example, in [Doroshin, 2015; Doroshin, 2020] Wang-Sun and Chen-Lee chaotic attractors were initiated 

by the reaction wheels. The paper [Doroshin, 2018] developed this idea for the problem of transition from the initial 

zone if phase space to the desired one. We expanded this idea further and solved the chaotic reorientation problem 

using the differential evolution algorithm [Doroshin & Elisov, 2024]. 

This paper presents an applied case in which chaotic attractors offer a distinct approach to controlling the 

angular motion of spacecraft. Chaotic reorientation of spacecraft can be used as backup strategies for angular motion 

control. For example, in emergency scenarios where actuators are unable to execute standard reorientation 

maneuvers. Notably, chaos generated in the angular velocity space results in even greater complexity in the 

orientation angles. Consequently, by constructing compact chaotic attractors in angular velocity space, one can 

achieve nearly any orientation angle of spacecraft. Thus, energy-efficient chaotic regimes in angular velocity yield 

effective means for attaining arbitrary angles of spacecraft attitude. 

Inspired by Sprott’s studies [Sprott, 1993; Elhadj & Sprott, 2013], we propose two approaches for generating 

dynamical systems with chaotic attractors. The first one is similar to Sprott’s approach and is named by the direct 

one. It is based on the searching of the coefficients of the nonlinear ODE system, and Lyapunov exponents (LE) 

are calculated using Benettin’s algorithm [Benettin et al., 1980; Benettin et al., 1980]. Unlike Sprott, we use an 

optimization algorithm to generate strange attractors instead of randomly choosing coefficients. The second one is 

based on the controlled spacecraft attitude dynamics and it named by indirect approach. As shown in the papers 

[Doroshin, 2015; Doroshin, 2018; Doroshin, 2020], chaotic dynamics in spacecraft attitude can be created by a rotor 

electric engine and a jet engine. The indirect approach is based on searching for coefficients in the reaction wheel 

assembly control laws that satisfy the LE requirements. The main tool for searching dynamical systems with chaotic 

attractors is the differential evolution algorithm [Storn & Price, 1997].  

The paper is organized as follows. In Section 2, the basic concepts of the two approaches are presented in detail. 

In Section 3, examples of chaotic attractors with analysis are given. The conclusions are drawn in Section 4. 

 Preliminaries 

The current section is divided into two subsections. The first subsection describes the direct approach for 

synthesizing strange chaotic attractors. This approach synthesizes strange chaotic attractors, including those found 

in the Sprott system [Elhadj & Sprott, 2013], the Thomas attractor [Thomas, 1999], and the generalized Sprott 

system extended to higher dimensions. The second subsection describes the indirect approach for synthesizing 

strange chaotic attractors. It is based on the relationship between the dynamics of spacecraft angular motion and 

Sprott’s system [Elhadj & Sprott, 2013].  

 Direct approach 

As in [Sprott, 1993; Sprott, 2000], the main idea of the direct approach is to search for dynamical system 

coefficients which satisfy the required conditions of LEs. Let us consider the nonlinear ODE system proposed in 

[Elhadj & Sprott, 2013]: 

 

2 2 2

0 1 2 3 4 5 6 7 8 9

2 2 2

0 1 2 3 4 5 6 7 8 9

2 2 2

0 1 2 3 4 5 6 7 8 9

,

,

,

x a a x a y a z a x a y a z a xy a xz a yz

y b b x b y b z b x b y b z b xy b xz b yz

z c c x c y c z c x c y c z c xy c xz c yz

          


         
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 (1) 

where ai, bi, ci are constant coefficients, and x, y, and z are the system state. 

As well-known, 3D dynamical systems with chaotic behavior must have positive, null, and negative LEs: 

 1 0,   (2) 
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 2 0,   (3) 

 3 0.   (4) 

An approach for assessing LEs is Benettin’s algorithm [Benettin et al., 1980; Benettin et al., 1980]. For this 

approach, we need to introduce an additional system of ODEs in perturbations, which for Eq. (1) will take the form: 
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 (5) 

where x , ,y  and z  are small perturbations. 

Since the considered system (1) has the three variables, the number of systems (5) is also will be three. Then, 

we simultaneously solve Eq. (1) and Eq. (5) for some initial conditions for x(t0), y(t0), z(t0), and 

       0 0 0 diag 1 1 1t t t   x y z . In accordance with [Benettin et al., 1980; Benettin et al., 1980], LEs are 

calculated on each integration step by the following relation: 

 1LCE ,k

kt


S

 (6) 

  1 ln ,k k ii  S S R  (7) 

    
T

0 0 0 0 .t S  (8) 

Here tk is the current integration time; Rii is the diagonal elements of the upper triangular matrix R. 

The upper triangular matrix R is the result of the QR decomposition of the result matrix A: 

 ,A QR  (9) 
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where Q is the orthonormal matrix, 
'

ix , 
'

iy , 
'

iz  are the integration results of Eq. (5).  

To increase the numerical stability of QR decomposition, Householder transformation is used instead of the 

classical Gram-Schmidt process. After calculating the LEs at the current iteration k, perturbations x , y,  z  are 

reassigned by the following relation: 

 

1 1 1 1 1 1
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.
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Q  (11) 

Furthermore, a dynamical system exhibiting a strange attractor can be generated with a desired fractal 

dimension. The dimension of an attractor (in three dimensions) is calculated by the relation [Kaplan & Yorke, 

1979]: 

 
1 2

3

2KYD
 




   (12) 
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Search for coefficients ai, bi, and ci is carried out until conditions (2)-(4) are met. These coefficients can be found 

by randomly choosing [Sprott, 1993; Sprott, 2000] or using an optimization algorithm. For an optimization 

algorithm, the goal function must be introduced. Since the spacecraft attitude dynamics is considered in this paper, 

it is of interest to synthesize a strange attractor with minimum volume in the phase space with variables x, y, and z. 

Thus, we introduce the following goal function: 

              1 2 3 1 2 33 max max max min,KY des KYYN YN YN W x t y t z t W D D W            (13) 

where Wi is the weight coefficient; YNi is the binary value (YNi = 1 or 0), reflecting the fulfillment of conditions (2)-

(4), respectively; DKY des is the desired Kaplan-Yorke dimension. 

The main advantage of this approach is the flexible configuration of the right-hand side of Eq. (1). In addition, 

the right-hand side of Eq. (1) may differ from the given one and includes another nonlinear term. As an example, 

we can consider the Thomas-like attractor [Thomas, 1999; Li & Sprott, 2017]: 
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The system of ODEs in perturbations has the following view: 
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 (15) 

Moreover, system (1) can be expanded by an additional dimension for generating hyperchaotic attractors. Let 

us rewrite Eq. (1) and Eq. (5) in the matrix form: 

 ,f Bf  (16) 

 ,f Bf  (17) 

where f is the vector of phase variables; f  is the vector of small perturbations; B is the matrix of coefficients. 

For the 4D dynamical system, vectors f, f  and matrix B have the following form: 

 
T
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  
T

0, , , , , 2 , 2 , 2 , 2 , , , , , , .x y z w xx yy zz ww xy xy xz xz xw xw yz yz yw yw zw zw      f  (20) 

To generate a hyperchaotic attractor, Eq. (13) must be rewritten in the following form: 

 
1 2 3 44 min,YN YN YN YN        (21) 

where YNi is the binary value which reflects the following conditions: 
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1, 0,   (22) 

 
2 0,   (23) 

 
3 0,   (24) 

 
4 0.   (25) 

As mentioned above, strange attractors can be used for encryption [Wu et al., 2015; Wu et al., 2018; Niyat & 

Moattar, 2020] or spacecraft reorientation problems [Doroshin, 2015; Doroshin, 2020; Doroshin & Elisov, 2024].  

However, the direct approach is a general one that cannot always be applied to specific problems (in our case, in 

the spacecraft reorientation problem). In this regard, we also propose an indirect approach that can generate strange 

attractors related with a specific application problem. 

 Indirect approach 

The practical aspects of using dynamical chaos themselves become natural sources of approaches for generating 

chaotic dynamical systems. In other words, if we have a physical system described by a nonlinear equation system, 

we can attempt to initiate a strange attractor by varying its coefficients.  

One example of such a situation could be the dynamics of a spacecraft, when we can initiate strange chaotic 

attractors in its motion. Below, we consider this particular problem of strange chaotic attractors generation in the 

dynamics of spacecraft, which will represent a basic example for the indirect approach in general. 

According to [Doroshin, 2015], the spacecraft attitude dynamics will take on chaotic behavior if the chosen 

control coefficients correspond to a particular strange attractor (Wang-Sun, Newtow-Leipnik etc.). The search for 

control coefficients that cause the chaotic behavior was conducted using gradient descent [Doroshin, 2015].  

Notably, the approach in this form will not always generate new strange attractors because it depends on the 

convergence of the solution. In other words, the obtained coefficients can correspond to well-known strange 

attractors [Doroshin, 2015], generate a new one [Doroshin, 2016], or generate a nonchaotic attractor. Thus, 

prerequisites for creating an indirect approach appeared. Then, we made some modifications to the indirect approach 

in our study. Based on the papers [Doroshin, 2014; Doroshin, 2015; Doroshin, 2018], let us consider the attitude 

dynamics of spacecraft equipped with a reaction wheel assembly (RWA). Spacecraft with RWA (Fig. 1) represents 

the so-called multirotor mechanical system (the multispin spacecraft). 

 

Fig. 1.  Mechanical structure of the spacecraft with RWA. 
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In Fig. 1, the main coordinate systems are locally used: CXYZ is the inertial frame, Cxyz is the frame connected to 

the main body of the spacecraft, where C is the center of mass of the system, and connected axes x, y, and z 

correspond to the central principal axes of the mechanical system. Notably, the coordinate frames CXYZ and Cxyz 

(Fig. 1) are simply geometric; they are used locally and are not related in any way to the parameters of the dynamical 

system (1). 

The attitude dynamics of this spacecraft can be described by the law of the angular momentum changing: 

 
,e

rb

d

dt
 

 

K
+ K M

K K H


 (26) 

where K is the angular momentum vector of the complete mechanical system; ω is the angular velocity vector of 

the main body of the spacecraft; Krb is the angular momentum of the main rigid body of the spacecraft together with 

the internal immovable (“freezed”) rotors of the RWA; H is the relative angular momentum of the RWA, which is 

created by the rotations of the rotors relative to the main rigid body; Me is the vector of the external torques acting 

on the system. 

The relative angular momentum H of the RWA is formed as a sum of the separate angular momentum of each 

rotor from the assembly: 

 
1

;
N

k k k k k

k

I 


 H h h e  (27) 

where N is the number of rotors in RWA, Ik is the inertia moment of the k-th rotor, σk is the angular velocity of the 

k-th rotor relative to the main rigid body, and ek is the unit vector of the direction of the k-th rotor rotation given in 

the connected frame Cxyz. 

In the scalar form, Eq. (26) can be written in projections onto the axes of the connected frame Cxyz: 
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
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 (28) 

where A, B, and C are the general moments of inertia of the main body with immovable “freezed” rotors of the 

RWA; p, q, and r are components of the angular velocity of the main body ω in projections onto connected axes 

Cxyz. The components of the relative angular momentum of the RWA have the following form: 

 
1 1 1

; ; ,
N N N

x xk k k y yk k k z zk k k

k k k

H c I H c I H c I  
  

      (29) 

where cxk = ek∙i; cyk = ek∙j; czk = ek∙k are the constant directional cosines of the axis of rotation of the k-th rotor (i, j, 

and k are the unit vectors of the connected frame Cxyz). 

The equation of the relative rotation of the k-th rotor follows from the law of the angular momentum changing: 

   , 1...control

k xk yk zk k kI c p c q c r M k N      (30) 

Here 
control

kM  is the internal torque acting on the k-th rotor from the side of the control system of the spacecraft. 

The torques  1...control

kM k N  form the programed vector H of the relative angular momentum of RWA by the 

programed change in the angular velocity of the relative rotation σk. The torques  1...control

kM k N  are created 

using an electric motor mounted in the main body, which is controlled by the control system of the spacecraft.  

Let us consider the case when the RWA relative angular momentum H is formed by the control system in the 

following form [Doroshin, 2015; Doroshin, 2020]: 
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      0 0 0; ; ,x p y q z rH t p H t q H t r            (31) 

where {α0, αp, β0, βq, γ0, γr} are the predefined control parameters. 

Additionally, the control system may create the external torques in the following form [Doroshin, 2018; 

Doroshin & Elisov, 2024]: 

 

1

1

1

,

,

,

e

x x

e

y y

e

z z

M m p

M m q

M m r






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

 


 

 (32) 

where mx, my, mz, α1, β1, γ1 are also the predefined control parameters. These external torques can be formed by 

magnetic coils mounted in spacecraft and jet-rocket engines. 

So, the chosen control laws (31) and (32) have twelve predefined parameters α0, α1, αp, β0, β1, βq, γ0, γ1, γr, mx, 

my, mz, which define the dynamical mode of the angular motion of the spacecraft. Our goal is to initiate and support 

a chaotic mode in attitude dynamics using the control vector U: 

 0 1 0 1 0 1, , , , , , , , , , , .
T

p x q y r zm m m           U  (33) 

The relationship between Eq. (1) and Eq. (33) can be established using the following steps. First, we need to 

substitute Eq. (31) and Eq. (32) into Eq. (28). After these substitutions, system (1) can be considered the complete 

first-order system of differential equations relatively p, q, r. Second, we reassign the variables p ↔ x, q ↔ y, r ↔ z 

and collect similar terms. Then, the following correspondences for parameters can be obtained [Doroshin, 2018]: 
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 (34) 

In previous studies [Doroshin, 2018; Doroshin, 2020; Doroshin & Elisov, 2024], the control vector U was 

calculated using the gradient descent method to meet the conditions (34) for predefined coefficients {ai, bi, ci} 

corresponding to the concrete type of strange attractor (e.g. to Newton-Leipnik type, or others). 

In this study, we select the control vector U so that the coefficients ai, bi, and ci obtained from Eq. (34) satisfy 

conditions (2)-(4). The goal function for the indirect approach can be similar to Eq. (13). However, the most 

interesting are the strange attractors that can be generated with minimal control U. Therefore, the goal function (13) 

is rewritten as: 

  
12

1 2 3 1 2

1

3 min,i

i

YN YN YN W W U


       (35) 

The main advantage of the indirect approach is its applicability to specified problems, for example, for chaotic 

reorientation of spacecraft, since it is derived from its physics. Notably, the form of the control laws (31) and (32) 



Synthesis of Dynamical Systems with Chaotic Attractors       9 

does not produce the quadratic terms (x2, y2, and z2) in Eq. (1). To obtain Eq. (1) with quadratic terms, we should 

choose some other forms of the control, but in the framework of research, this aspect is not so important. 

 Results 

Let us divide this section of our paper into two subsections. The first subsection is devoted to the results obtained 

by the direct approach. It includes the results of the generation of strange attractors existing in Eq. (1) and Eq. (14), 

as well as the “optimal” strange attractors obtained from condition (13). Moreover, the obtained results also include 

the hyperchaotic attractors existing in Eq. (18)-(19). LEs, Kaplan-Yorke dimensions, and bifurcation diagrams are 

given for all the obtained attractors. 

The second subsection presents the results of generating strange attractors by the indirect approach using Eq. 

(1), Eq. (13), Eq. (33) and Eq. (34). As in the first subsection, the analysis of the obtained strange attractors will 

also be provided. 

The coefficients of Eq. (1) (for the direct method) and Eq. (34) (for the indirect method) are given in Appendix 

A. The initial conditions are also given in Appendix A. 

Strange attractors with the desired Kaplan-Yorke dimension are presented in Appendix B. For these attractors, 

only the phase space and LEs are given without analysis. The initial conditions are similar to the presented strange 

attractors (see Table A1 in Appendix A). 

 Generation of a strange attractor using direct approach 

The numerical calculations were performed using the MATLAB program for 3D systems. To improve the 

performance of calculations, higher-dimensional systems were modeled using the C language. The fourth order 

Runge-Kutta integration algorithm was performed to solve the considered differential equations. The integration 

step is set constant and equal to 0.001 s. 

The population size N for the differential evolution algorithm is equal to the number of searched coefficients 

multiplied by 10. The mutation and crossover parameters are the same for all systems considered and are set to 

F = 0.5 and P = 0.99, respectively. 

As mentioned above, the generation of strange attractors was conducted using the differential evolution 

algorithm. Due to the nature of the nonlinearity of Eq. (1) and Eq. (18), there is no single solution. Thus, the analysis 

is performed for one unoptimized and one optimized strange attractor.  

It is important to define our terms “unoptimized” and “optimized” strange attractors. Our “unoptimized” strange 

attractors are strange attractors generated for weight coefficients W1 = 1 and W2 = W3 = 0 in Eq. (13). Our 

“optimized” strange attractors are strange attractors generated with improved properties (e.g., minimum phase 

volume): in the case of the goal function (13) the weight coefficients are equal W1 = 100, W2 = 1, and W3 = 0; and 

for the goal function (35) these values are W1 = 1000 and W2 = 1. 

Firstly, let us consider system (1) including all nonzero 30 coefficients. Such systems can be called a “complete”. 

The comparison of the unoptimized #1 and optimized #1 strange attractors is shown in Fig. 2. The unoptimized 

strange attractor #1 has a complex structure. On the other hand, the optimized strange attractor #1 has a simpler 

structure than the unoptimized one. 
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Fig. 2.  Comparison between unoptimized #1 (red) and optimized #1 (black) strange attractors. 

As shown in Fig. 3, both attractors have positive, zero, and negative LEs. Kaplan-Yorke dimension is 2.06 and 

2.117 for the unoptimized #1 and optimized #1 attractors, respectively. 

  

(a) Unoptimized strange attractor #1 (b) Optimized strange attractor #1 

Fig. 3.  LEs for the complete system. 

It is important and interesting to analyze the parametric zones of the system chaotic behavior. For these purposes, 

the bifurcation diagrams for the system are calculated. All bifurcation diagrams correspond to equilibrium points 

for the dynamical variable x(t) and their repetition cycles depending on the system coefficient values. As can be 

seen from the diagram (Fig. 4), the dynamical systems for the unoptimized #1 and optimized #1 strange attractors 

have different zones of the dynamical behavior relative to the coefficient a0 (at all other fixed coefficients). 
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(a) 1D bifurcation diagram for unoptimized #1 (b) 1D bifurcation diagram for optimized #1 

  
(c) 2D bifurcation diagram for unoptimized #1 (d) 2D bifurcation diagram for optimized #1 

Fig. 4.  Bifurcation diagrams. 

Notably, certain diagrams (Fig.4(c), Fig. 4(d), and some following ones) are rendered in two dimensions, 

wherein color encodes the respective levels of stability and instability within the dynamics, which delineate the 

thresholds between regular and chaotic behavior. 

The chaotic behavior of an unoptimized strange attractor will retain its chaotic behavior on some intervals of the 

coefficient a0 value, e.g. if a0 ∊ {[6.59, 6.6], [6.61, 6.62], [6.63, 6.65], [6.71, 6.72], [6.73, 6.76], [6.78, 6.81]}, and 

also for other intervals alternating with intervals of regularity. Such alternations of the chaotic and regular intervals 

demonstrate the broad variability of the coefficient value allowing initialization of the chaotic attractor.  

The same properties are actual for the optimized system. Other examples of optimized strange attractors for the 

complete system are shown in Fig. 5. 
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Fig. 5.  Family of the complete system (1). 

Secondly, it is important to synthesize the dynamical systems contained a strange attractor at a minimal number 

of nonlinear terms in Eq. (1). Let us consider the synthesis of dynamical systems with only one nonlinear term in 

each equation of system (1). Such systems can be called a “reduced system”. One of the possible examples of the 

reduced system is presented below as attractor #2. The strange attractor #2 for the reduced system is depicted in 

Fig. 6. 

 

Fig. 6.  Comparison between unoptimized #2 (red) and optimized #2 (black) strange attractors. 

LEs for the unoptimized #2 and optimized #2 strange attractors are shown in Fig. 7. The Kaplan-Yorke 

dimension is equal 2.14 and 2.112 for unoptimized #2 and optimized #2 attractors, respectively. 

  

(a) Unoptimized strange attractor #2 (b) Optimized strange attractor #2 

Fig. 7.  LEs for the reduced system. 
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Bifurcation diagrams for unoptimized #2 and optimized #2 strange attractor are given at Fig. 8, whereas 

changing parameter was used for coefficient a1. 

  
(a) 1D bifurcation diagram for unoptimized #2 (b) 1D bifurcation diagram for optimized #2 

  
(c) 2D bifurcation diagram for unoptimized #2 (d) 2D bifurcation diagram for optimized #2 

Fig. 8.  Bifurcation diagrams. 

In addition to the optimized strange attractor #2, some other examples of optimized strange attractors for the 

reduced system are presented in Fig. 9. 

  



14       A. V. Doroshin & N. A. Elisov 

 

 

Fig. 9.  Family of the reduced system (1). 

Let us consider the case, which is based on Thomas-like attractors (18). This strange attractor is denoted as 

strange attractor #3. The strange attractor #3 is shown in Fig. 10. 

 

Fig. 10.  Comparison between unoptimized #3 (red) and optimized #3 (black) strange attractors. 

LEs for the unoptimized #3 and optimized #3 strange attractors are presented in Fig. 11. The Kaplan-Yorke 

dimension is equal to 2.574 and 2.047 for the unoptimized #3 and optimized #3 attractors, respectively. 

  

(a) Unoptimized strange attractor #3 (b) Optimized strange attractor #3 

Fig. 11.  LEs for Thomas-like attractor. 

Bifurcation diagrams for unoptimized #3 and optimized #3 chaotic attractors are shown in Fig. 12. For the 

unoptimized #3 attractor, coefficients a3, b3, and c3 changed when plotting the diagram. For the optimized #3 
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attractor, only the coefficient a1 changed. 2D bifurcation diagrams for unoptimized #3 and optimized #3 chaotic 

attractors are not shown, as they are not informative. 

  

(a) 1D bifurcation diagram for unoptimized #3 (b) 1D bifurcation diagram for optimized #3 

Fig. 12.  Bifurcation diagrams. 

Other examples of optimized strange attractors for the Thomas-like system are shown in Fig. 13. 

 
 

  

Fig. 13.  Family of the Thomas-like attractor. 

Finally, let us consider the case of the generation of hyperchaotic attractors. Generation of a hyperchaotic 

attractor is provided in two ways. The first one is based on the generated chaotic attractor (unoptimized #2 and 

optimized #2). In this case, the search for coefficients based on the obtained ones is performed in the neighborhood 

and for the additional variable w, in an arbitrary region, which satisfy the conditions (22)-(25). These attractors are 

denoted as hyper #1 and hyper #2. 
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The second way of generating hyperchaotic attractors is similar to the generation of chaotic attractors. However, 

the search for the coefficients of equation (17) must satisfy the conditions (22)-(25). 

Notably, 2D bifurcation diagrams for these attractors are not provided due to lack of clarity. An example of 

generating a hyperchaotic attractor hyper #1 based on a unoptimized attractor #2 is shown in Fig. 14. The 

coefficients of this attractor are given in Table A8 in the Appendix. 

  
(a) XY plane (b) XZ plane 

 
 

(c) XW plane (d) ZW plane 

Fig. 14.  Hyperchaotic strange attractor hyper #1. 

The generated attractor has two positive, one zero, and one negative LEs (Fig. 15). The Kaplan-Yorke dimension 

is equal to 3.2523.  

 

Fig. 15.  LEs for hyperchaotic attractor hyper #1. 

Bifurcation diagram for hyper #1 hyperchaotic attractor is shown in Fig. 16. 
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Fig. 16.  Bifurcation diagram for hyperchaotic attractor hyper #1. 

Next, Fig. 17 shows the generated hyperchaotic attractor hyper #2 based on the optimized attractor #2. Unlike 

attractor hyper #1, attractor hyper #2 has a more complex structure. The coefficients of the attractor hyper #2 are 

also given in Table A8 in the Appendix. 

  
(a) XY plane (b) XZ plane 

 
 

(c) XW plane (d) ZW plane 

Fig. 17.  Hyperchaotic strange attractor hyper #2. 

As in the previous case, the generated attractor has two positive, one zero and one negative LEs (Fig. 18). The 

Kaplan-Yorke dimension is equal to 3.0909. 
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Fig. 18.  LEs for hyperchaotic attractor hyper #2. 

Bifurcation diagram for hyperchaotic attractor hyper #2 is shown in Fig. 19. 

 

Fig. 19.  Bifurcation diagram for hyperchaotic attractor hyper #2. 

Finally, the hyperchaotic attractor hyper #3 is shown in Fig. 20. As in the case of hyper #2, this attractor also 

has a complex structure, but it is more compact in terms of phase space. 

  
(a) XY plane (b) XZ plane 
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(c) XW plane (d) ZW plane 

Fig. 20.  Hyperchaotic attractor hyper #3. 

The LEs are shown in Figure 21. The Kaplan-Yorke dimension is equal to 3.1488.  

 

Fig. 21.  LEs for hyperchaotic attractor hyper #3. 

Bifurcation diagram for hyperchaotic attractor hyper #3 is shown in Fig. 22. As can be seen from Fig. 22, 

hyperchaotic attractor hyper #3 has two stable zones in the considered range. 

 

Fig. 22.  Bifurcation diagram for hyperchaotic attractor hyper #3. 
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 Generation of a strange attractor using an indirect approach 

As in the previous "direct" approach, the system of differential equations was numerically solved using a fourth-

order Runge–Kutta integration scheme. The integration step is also set constant and equal to 0.001 s. The numerical 

calculations were performed using the MATLAB program. 

The population size N for the differential evolution algorithm is equal to the number of control coefficients 

multiplied by 20. The mutation and crossover parameters are similar to the direct approach and are set to F = 0.5 

and P = 0.99, respectively. 

The new strange chaotic attractors obtained in accordance with Eq. (13) are attractors with a minimum phase 

volume (we call such attractors a “MPV” – “minimal phase volume”). Strange attractors obtained in accordance 

with Eq. (35) are attractors with a minimum of control parameters from vector U (we call such attractors a “MCV” 

– “minimal control values”). 

So, let us synthesize the first two new attractors MPV #1 and MCV #1 at the following hypothetical parameters 

of the spacecraft (22): A = 50, B = 70, C = 90. The obtained strange attractors have a two-scroll structure (Fig. 23). 

  

(a) MPV #1 (b) MCV #1 

Fig. 23.  Comparison of strange attractors. 

LEs for MPV #1 and MCV #1 attractors are shown in Fig. 24. The Kaplan-Yorke dimension is equal to 2.215 

and 2.137 for MPV #1 and MCV #1 attractors, respectively. 
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(a) MPV #1 (b) MCV #1 

Fig. 24.  LEs for the generated attractors. 

Below are presented the bifurcation diagrams for MPV #1 and MCV #1 attractor (Fig. 25) at varying the 

coefficient a0 at all fixed others coefficients, where we see notable differences in their structures and ranges of the 

chaotic behavior. 

 
 

(a) 1D bifurcation diagram for MPV #1 (b) 1D bifurcation diagram for MCV #1 

      
(c) 2D bifurcation diagram for MPV #1 (закрыть пробел) (d) 2D bifurcation diagram for MCV #1 

Fig. 25.  Bifurcation diagrams. 

Let us find one more pair of strange attractors which can be used in the framework of attitude dynamics. In this 

regard, it is necessary to simplify the structure of possible control and, for these purposes, to minimize the number 

of nonlinear terms in Eq. (1). To reduce the number of nonlinear terms, we can set the coefficient c7 to zero. To 

zero out the coefficient c7, we assume that αp = 0, and βq = B - A. Then, using the differential evolution algorithm, 

we can obtain new MPV#2 and MCV#2. The phase space of MPV #2 and MCV #2 is depicted in Fig. 26, and the 

corresponding parameters are collected in Tables 6 and 7. 

Despite the increased control coefficients, MPV #2 has significantly lower values of phase variables (Fig. 26). 
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(a) MPV #2 (b) MCV #2 

Fig. 26.  Phase space. 

LEs for MPV #2 and MCV #2 attractors are shown in Fig. 27. The Kaplan-Yorke dimension is equal to 2.3 and 

2.242 for MPV #2 and MCV #2 attractors, respectively. 

  

(a) (b) 

Fig. 27.  LEs a for the MPV #2 attractor and b for the MCV#2 attractor. 

MPV #2 and MCV #2 have a typical bifurcation diagram (Fig. 28a and Fig. 28b, respectively). 

  
(a) 1D bifurcation diagram for MPV #2 (b) 1D bifurcation diagram for MCV #2 
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(c) 2D bifurcation diagram for MPV #2 (d) 2D bifurcation diagram for MCV #2 

Fig. 28.  Hyperchaotic strange attractor hyper #3. 

 Conclusion 

In this paper, two approaches for synthesizing dynamical systems with strange chaotic attractors are presented. 

In both approaches, the generation of such attractors was performed using the differential evolution algorithm. 

Notably, the direct approach searches system coefficients in a general sense, allowing them to be varied and 

assigned without regard to physical constraints. In other words, coefficients may be chosen arbitrarily, provided 

that the desired result is achieved. 

The indirect approach, by contrast, precludes such arbitrariness. Here, the coefficients correspond to specific 

quantities within a given dynamical system and are subject to relationships and interdependencies. They possess 

clear physical meanings and are governed by established physical laws. Consequently, changes to these coefficients 

must be made comprehensively, respecting these interrelations. Coefficients are not varied arbitrarily; rather, 

specific coefficients are selected based on the physical context of the problem and align with the control laws of the 

dynamical system. For instance, the indirect approach is well suited to generating strange attractors in applied 

technical problems, such as the angular motion of a spacecraft under the influence of specific control forces. In such 

cases, meaningful opportunities for varying coefficients and their ranges emerge, although these variations are not 

arbitrary. A direct approach applied to dynamical systems arising from practical problems cannot be implemented 

without accounting for the interdependencies among system coefficients and the governing laws of the system's 

parameters. 

This underscores the fundamental distinction between the two approaches: arbitrariness characterizes the direct 

approach, whereas interdependence defines the indirect approach. 

Notably, the direct approach can be extended to higher-dimensional systems (4D and above), enabling the 

synthesis of hyperchaotic strange attractors. Such systems are of interest both for practical applications and for 

advancing fundamental approaches to studying chaotic dynamics. 

The novelty of the approaches and results lies in the ability to generate any strange chaotic attractor with 

predetermined properties, such as the desired fractal dimension, minimal phase volume, or minimal control 

parameters. In other words, the results extend beyond specific cases and apply to all generated attractors. Thus, the 

presented approaches can generate not merely new attractors (i.e., systems with new sets of coefficients), but 

attractors with prescribed properties—a new capability that has not been demonstrated in previous works. 
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Limitations and Future works 

The limitations of this article primarily concern the types of mathematical models used to search for strange chaotic 

attractors: three-dimensional and four-dimensional systems of ordinary differential equations with quadratic nonlinearities—

herein referred to as Sprott systems. 

In the indirect approach, a system of equations for the angular motion of a spacecraft with flywheels was also used, 

employing specific control methods for the flywheels' relative angular momentum and a specific type of control force 

dependence. Notably, the developed approaches can be further applied to other types of control laws. 

Future research directions include: (i) the exploration of broader classes of mathematical models governed by systems of 

ordinary differential equations with alternative nonlinearities—for instance, mixed polynomial nonlinearities of order 

exceeding two; (ii) the extension of the proposed approaches to a wider range of technical applications; (iii) the development 

of mathematical models that allow limiting hyperchaotic attractors using an indirect approach; and (iv) the development of 

more general control laws applicable to such systems. Of particular significance is the prospect of synthesizing dynamical 

systems with prescribed properties of strange chaotic attractors, a capability that underpins the broader utility of the presented 

methodologies. 
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Appendix A.   Strange attractor coefficients and initial conditions 

The initial conditions for the generated strange attractors are given in Table A1. The variable w is only applicable 

for attractors labeled a “hyper”. 

Table A1.   Initial conditions. 

Attractor x y z w 

Unoptimized attractor #1 

0.05 0.1 0.09 ⸻ 

Optimized attractor #1 

Unoptimized attractor #2 

Optimized attractor #2 

Unoptimized attractor #3 

Optimized attractor #3 

MPV #1 

MCV #1 

MPV #2 

MCV #2 

Hyper #1 
0.05 0.1 0.09 0.3 

Hyper #2 

Hyper #3 1 1 1 1 

 

The comparison of coefficients for Eq. (1) between the unoptimized #1 and optimized #1 chaotic attractors is 

given in Table A2. 

Table A2.   Coefficients of the complete system. 

Parameter Unoptimized attractor #1 Optimized attractor #1 

Coefficients ai 

a0 = 6.81, a1 = 0.36, a2 = -8.77, a3 = 2.02, a4 = 7.02, 

a5 = -8.83, a6 = -0.26, a7 = 2.7, a8 = -5, a9 = 0.02 

a0 = 0, a1 = -3.7, a2 = 7.5832, a3 = 0.6705, a4 = 2.9, 

a5 = -6.7, a6 = -3.8, a7 = -6, a8 = -7.1, a9 = -0.5 

Coefficients bi 

b0 = -1.89, b1 = 0.93, b2 = 4.76, b3 = 0.64, b4 = 9.99, 

b5 = -0.22, b6 = -4.35, b7 = -0.28, b8 = 7.11, b9 = -9.08 

b0 = 1.1, b1 = -8.3707, b2 = -6, b3 = -2.5, b4 = 7.4, 

b5 = 7, b6 = -0.6, b7 = 6.6, b8 = -9.3, b9 = -8.5 

Coefficients ci 

c0 = -4.74, c1 = -1.3, c2 = -6.28, c3 = -0.31, c4 = 6.27, 

c5 = 8.95, c6 = -3.37, c7 = -2.32, c8 = 1.26, c9 = 6.93 

c0 = 0.3, c1 = -8.5, c2 = 6.1, c3 = -3.1298, c4 = -6, 

c5 = 9.9, c6 = 4.1, c7 = 0.1, c8 = -0.6, c9 = 6 

Coefficients of the unoptimized #2 and optimized #2 strange attractors are presented in Table A3. The non-

mentioned coefficients from Eq. (1) are zero. 

Table A3.   Coefficients of the reduced system. 

Parameter Unoptimized attractor #2 Optimized attractor #2 

Coefficients ai a1 = -0.7089, a2 = 0.351, a9 = 0.2291 a1 = -0.4, a2 = 1, a9 = 20.8 

Coefficients bi b1 = -0.1769, b2 = -0.7795, b3 = -0.0205, b8 = 0.4831 b1 = 0.5, b2 = -1.3, b3 = 0.1, b8 = 26.9 

Coefficients ci c2 = -0.0824, c3 = 0.5607, c7 = -0.4076 c3 = 0.6, c7 = -23.1 

 

The coefficients for the unoptimized #3 and optimized #3 attractors are presented in Table A4.  
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Table A4.   Coefficients of Thomas-like attractors. 

Parameter Unoptimized attractor #3 Optimized attractor #3 

Coefficients ai a1 = -0.92, a2 = a3 = -5 a1 = -5.1, a2 = -1.4, a3 = -49.2 

Coefficients bi b1 = -0.94, b2 = b3 = -5 b1 = -4.1, b2 = -0.6, b3 = -30.7 

Coefficients ci c1 = -1.03, c2 = c3 = -5 c1 = -8.9, c2 = -1.7, c3 = -45.2 

 

The coefficients of MPV #1 and MCV #1 are collected in Table A5, and the corresponded control components 

U are presented in Table A6. 

Table A5.   Coefficients of MPV #1 and MCV #1 chaotic attractors. 

Parameter MPV #1 MCV #1 

Coefficients ai 

a0 = -0.0209, a1 = -0.4461 a2 = -0.0701, a3 = 1.0626, 

a9 = 0.6065 

a0 = 0.0154, a1 = -0.5689 a2 = 0.3348, 

a3 = 5.8206, a9 = -36.9297 

Coefficients bi 

b0 = -0.0583, b1 = -0.0225, b2 = 0.0013, b3 = 0.1318,  

b8 = 1.5168 

b0 = -0.06, b1 = -0.0026 b2 = 7.0905∙10-4, 

b3 = -0.0027, b8 = 1.2787 

Coefficients ci 

c0 = 0.0187, c1 = 0.286, c2 = -0.1103, c3 = 0.1332, 

 c7 = -1.1059 

c0 = 0.0022, c1 = -0.0351, c2 = 0.0021, 

c3 = 4.95∙10-4, c7 = -0.7713 

Table A6.   Components of the control vector U for MPV #1 and 

MCV #1. 

Parameter MPV #1 MCV #1 

First group 

α0 = -18.0694, α1 = 19.6707, 

αp = -94.0932, mx = 1.2774 

α0 = 0.1899, α1 = -0.3092, 

αp = -49.4565, mx = 0.0084 

Second group 

β0 = -46.8516, β1 = 0.1845, 

βq = 67.0763, my = -7.9892 

β0 = 3.1637, β1 = 0.0497, 

βq = 0.0746, my = -4.2073 

Third group 

γ0 = -3.0889, γ1 = 21.8245, 

 γr = 73.8181, mz = 3.0681 

γ0 = -0.182, γ1 = 0.0446, 

γr = 0.1472, mz = 0.1981 

 

The coefficients of MPV #2 and MCV #2 are presented in Table A7. The control components U for initialization 

of these strange attractors are presented in Table A8. 

 

Table A7.   Coefficients of MPV #2 and MCV #2 chaotic attractors. 

Parameter MPV #2 MCV #2 

Coefficients ai 

a0 = -0.0017, a1 = 0.6388, a2 = 0.0226, a3 = -1.3385, 

a9 = -0.8 

a0 = -0.0163, a1 = 0.0068, a2 = -0.0055, 

a3 = -0.3659, a9 = -0.8 

Coefficients bi 

b0 = -0.1688, b1 = -0.0226, b2 = -0.0319, b3 = -0.0401,  

b8 = 0.8 

b0 = -0.3460, b1 = 0.0055, b2 = 5.6016∙10-4, 

b3 = 0.0125, b8 = 0.8 

Coefficients ci c0 = -0.0275, c1 = 0.7436, c2 = 0.0223, c3 = -0.9318 

c0 = -0.0042, c1 = 0.2033 

c2 = -0.0069, c3 = -0.2647 
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Table A8.   Components of the control vector U for MPV #2 and 

MCV #2. 

Parameter MPV #2 MCV #2 

First group 

α0 = 2.0053, α1 = 31.9399, 

αp = 0, mx = -0.0859 

α0 = -0.6247, α1 = 0.3395, 

αp = 0, mx = -0.8152 

Second group 

β0 = -66.927, β1 = -1.5942, 

βq = -20, my = -8.4383 

β0 = -18.2933, β1 = 0.0280, 

βq = -20, my = -17.3023 

Third group 

γ0 = -1.1283, γ1 = -83.858, 

γr = 0, mz = -2.4733 

γ0 = 0.2753, γ1 = -23.8197, 

γr = 0, mz = -0.3774 

 

Finally, coefficients for hyperchaotic attractors hyper #1 and hyper #2 are given in Table A9, and coefficients 

for hyper #3 are presented in Table A10. 

Table A9.   Coefficients of hyperchaotic attractors. 

Parameter hyper #1 hyper #2 

Coefficients ai a1 = -1.4671, a2 = 1.6964, a4 = 1.6871, a12 = 18.8371 a1 = -1.5594, a2 = 0.1339, a4 = 1.3937, a12 = 0.8051 

Coefficients bi b1 = -0.8102, b2 = -0.2776, b3 = 0.321, b10 = 27.6176 b1 = -0.3887, b2 = -1.6789, b3 = 0.8825, b10 = 0.2262 

Coefficients ci c3 = 0.301, c9 = -21.0711 c2 = -0.7817, c3 = 0.9612, c9 = -0.3504 

Coefficients di d0 = 0.0584, d14 = -7.6644 d4 = -1.5248, d12 = -1.2651 

Table A10.   Coefficients of the hyperchaotic attractor. 

Parameter hyper #3 

Coefficients ai 

a0 = 11.0396, a1 = 17.5755, a2 = 18.4956, a3 = 12.4474, a4 = -0.7367, 

a5 = 11.3726, a6 = -7.0334, a7 = -6.2584, a8 = 11.0239, a9 = 10.5485, 

a10 = 0, a11 = 2.3537, a12 = 7.6857, a13 = -7.2758, a14 = -6.7635 

Coefficients bi 

b0 = -10.2365, b1 = -4.8292, b2 = 19.5598, b3 = 3.5632, b4 = 9.9173, 

b5 = -10.6243, b6 = -12.7785, b7 = -4.0310, b8 = -10.5971, b9 = 5.0088, 

b10 = 1.7316, b11 = 10.2682, b12 = -14.0479, b13 = 3.6073, b14 = -11.8381 

Coefficients ci 

c0 = -17.886, c1 = 14.8339, c2 = -7.6937, c3 = -8.1545, c4 = 16.0517, 

c5 = -6.3249, c6 = 17.6219, c7 = -7.0683, c8 = -12.4787, c9 = 0.1590, 

c10 = -6.2070, c11 = -9.9047, c12 = -2.3457, c13 = 5.0259, c14 = -15.51 

Coefficients di 

d0 = 11.2356, d1 = 18.3764, d2 = 4.7404, d3 = -5.6049, d4 = -15.4599, 

d5 = -15.985, d6 = -8.2796, d7 = 9.4307, d8 = -11.8735, d9 = -3.8327, 

d10 = 5.4518, d11 = -18.0053, d12 = 10.1317, d13 = 12.296, d14 = -9.8029 
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Appendix B.   Strange attractors with the desired Kaplan-Yorke dimension 

Fig. B1 shows a strange attractor with the desired Kaplan-Yorke dimension of 2.05. The initial conditions are 

the same as for the above-mentioned strange attractors. 

  

(a) Phase space (b) LEs 

Fig. B1.  Strange attractor with DKY = 2.0541. 

Fig. B2 shows a strange attractor with the desired Kaplan-Yorke dimension of 2.2. 

  

(a) Phase space (b) LEs 

Fig. B2.  Strange attractor with DKY = 2.2142. 

Fig. B3 shows a strange attractor with the desired Kaplan-Yorke dimension of 2.5. 

  

(a) Phase space (b) LEs 

Fig. B3.  Strange attractor with DKY = 2.4838. 
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