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Abstract—Attitude dynamics of the multi-spin spacecraft 

(MSSC) and multirotor unbalanced gyrostats (MUG) is 
considered in aspects of the possibility of the strange multiscroll 
chaotic attractors’ (MCA) realization. Corresponding 
connections between the dynamical systems with MCA (Lorenz, 
Sprott, Wang, Qi, Li, Chen, Lü, Liu, Čelikovský, Burke, Shaw, 
Arneodo, Coullet, etc.) and the mathematical models of the 
MSSC/MUG' attitude dynamics are established/defined at the 
presence of only linear structures of external torques (primarily 
linear dissipation or excitation) and control signals in the internal 
rotors' engines of the MSSC/MUG. 

Keywords— multiscroll chaotic attractors, multi-spin 
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I. INTRODUCTION  

Investigation of various aspects of the spacecraft (SC) 
attitude dynamics remains one of the urgent tasks of the 
spaceflight dynamics, which is considered in different 
formulations. An important feature of the SC dynamics is the 
irregular attitude motion at the realization of the regimes 
connected with chaotic attractors in the phase space of angular 
(attitude) motion around the SC mass center. In this connection 
it is quite interesting to find links of the attitude SC dynamics 
with the classical cases of strange chaotic attractors in the well 
known dynamical systems (Lorenz, Sprott, Wang, Qi, Li, 
Chen, Lü, Liu, Čelikovský, Burke, Shaw, Arneodo, Coullet, 
etc.) [1-29]. 

As the further development of the spacecraft construction 
we can indicate a multi-rotor scheme, which corresponds to a 
multi-spin spacecraft (MSSC) and unbalanced gyrostats [3]. 
Motivated by the recent wonderful results [1] we will try in this 
work to make a connection of the MSSC motion mathematical 
models with the dynamical systems containing strange 
multiscroll chaotic attractors (MCA) [1-29]. 

The MSSC [3] is constructed as the multi-rotor system with 
conjugated pairs of rotors placed on the all inertia principle 
axes of the main body (fig.1). General properties of the MSSC 
motion are connected with the internal multi-rotor system (the 
multi-rotor kernel). This «spider»-type multi-rotor system was 
described in [3, 4] where the attitude dynamics, spatial 
(attitude) reorientations of the MSSC and also roll-walking 
motions of multi-rotor robots are considered. The multi-rotor 
kernel allows to perform the attitude gyroscopic stabilization of 

the MSSC with the help of a compound spinup of the rotors. 
One of the important features of the MSSC is numerous 
independent internal degrees of freedom corresponding to the 
rotors' rotations. It is the powerful instrument for the 
spacecraft's attitude control and/or the angular reorientation 
with the help of an internal redistribution of the system angular 
momentum between the rotors and the main body.  

The paper has the following structure. The section 1 is the 
introduction; the section 2 contains the main mathematical 
models of the attitude dynamics of multibody gyrostats and 
MSSC, which are used in the section 3, where the passible 
reduction of the dynamical models to the system with 
multiscroll chaotic attractors is considered; and in the section 4 
we present some examples of the modelling of attitude motion 
based on the MCA-models. 

 

Fig.1.   The MSSC mechanical internal structure 

II. MATHEMATICAL MODEL OF THE MOTION 

Let’s assume the symmetry of rotors disposition (Fig.1) 
relatively point O and identity of their mass-inertia parameters.  

Following to the work [3] we can construct the main 
equations of the MSSC attitude dynamics. The angular 
momentum of the MSSC-system can be written in projections 
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onto the frame Oxyz axes connected with the central main 
body  

m r K K K    (1) 

where 
mK  is the angular momentum of the main body with 

the fixed (“frozen”) rotors; rK  is the relative angular 

momentum of the rotors. 
The angular motion equations of the system can be written 

with the help of the law of the angular momentum’s variation 
in the moving coordinates frame Oxyz  

ed

dt
  

K
ω K M   (2) 

where eM  is the external torque.  
We can write the dynamical equations for the multi-rotor 

system with 6N rotors (Fig.1). This system contains N layers 
with rotors on the six general directions coinciding with the 
principle axes of the main body. The angular momentum 
components can be written 
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Here ω=[p, q, r]T – the vector of the absolute angular velocity 

of the main body; , ,A B C   are the general moments of 

inertia of the main body; kl  is the relative angular velocity 

of the kl-th rotor (relatively the main body); Il and Jl are the 
longitudinal and the equatorial inertia moments of the l-layer-
rotor relatively the point O. 

Then the equation (2) can be written in the following 
scalar form 
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The relative motion equations of the rotors are  1..l N : 
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where , ,e e e
jlx jly jlzM M M  are external torques acting on the 

jl-th rotor, and 
i
jlM  is the torque from internal forces acting 

between the main body and the jl-th rotor (the internal engines 
torques). 

The equation system (4) with N systems (5) completely 
describe the angular motion of the multi-rotor system with 6N 
rotors and the attitude dynamics of the multi-spin spacecraft 
(Fig.1). 

The main dynamical equations (4) can be rewritten in the 
unbalanced-gyrostat-form [3] 
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where 
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Dij are the summarized angular momentums of the rotors: 
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and the summarized rotors’ torques are 
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III. THE REDUCTION OF THE MSSC EQUATIONS TO 

DYNAMICAL SYSTEMS WITH MULTISCROLL CHAOTIC 

ATTRACTORS  

As it was indicated in the recent work [1] the natural 
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candidates for the construction of systems with multi-scroll 
chaotic attractors are 3D quadratic continuous time systems 
given by 
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where   30

0 9
, ,i i i i

a b c
 

  are the parameters (bifurcation 

parameters). 
For example, in the work [1] based on the structure (10) 

the dynamical system with the three-scroll chaotic attractor 
(fig.2) was considered/constructed at the following non-nil 
values of the parameters: 
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Fig.2. The three-scroll chaotic attractor of the system [1] 

 
Now we solve the task of reducing of the equations (6) to 

the form of dynamical systems (10).  
Let us consider the MSSC case of motion at the presence of 

only linear control torques (these torques are formed in the 
internal rotors’ engines) proportional to the angular 
accelerations of the main MSSC-body: 
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 ...p r   - are the constants corresponding to the 

amplification factors on channels of angular accelerometers. 

Then for the summarized rotors’ angular momentums we 
have following dependencies corresponding to the solutions of 
equations (7) 
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where 0 0 0, ,    are the constants, corresponding to the 

initial conditions. 
Taking into account (12) we can solve the equations (6) for 

the derivatives of the angular velocities 
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with quadratic dependencies 

   

 
   

 
   

 

0 0

2 2

0 0

2 2

0 0

2 2

, , , ,

ˆ ˆ ;

, , , ,

ˆ ˆ ;

, , , ,

ˆˆ

e
x x x

q r p p q r

e
y y y

r p q q r p

e
z z z

p q r r p q

p q r M p q r q r

C B qr pq pr q r

p q r M p q r r p

A C rp qr qp r p

p q r M p q r p q

B A pq rp rq p q

 

     

 

     

 

     

    

        
 

    

        
 

    

        
 

M M

M M

M M

;















 (15) 

 
The equations (13) (with linear combinations (14) of the 

quadratic terms (15)) can be reduced to the form (10) at the 

redefinition of the main variables  ; ;p x q y r z    

and at the explicit expressions for  
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Moreover, yet we have not specified the external torques 

, ,
e
x y zM . Let us consider these torques also as linear 

dissipative/excitative influences: 
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with constants   12
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Also we introduce into consideration the “gyroscopic” external 
influences 
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So, it is possible to conclude, that the MSSC equations (6) 
can be reduced to the quadratic dynamical systems with multi-
scroll chaotic attractors. 

IV. EXAMPLES OF REDUCTIONS 

Here we describe some examples of reductions of the 
MSSC equations to the well known dynamical systems.  

An analysis of the systems’ parameters allows to give us 
the following correspondences. 

 
Example 1 – The Dequan Li attractor. 
 
The MSSC parameters, which correspond to the Dequan Li 

attractor [6] realization in the angular velocity components 
phase space, are: 
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Then from the MSSC equations we obtain the Dequan Li 

system [6] with the three-scroll chaotic attractor (Fig.3): 
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Example 2 – The Wang-Sun attractor. 
 
The MSSC parameters, which correspond to the Wang-Sun 

attractor [11] realization in the angular velocity components 
phase space, are: 
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 (19) 

 
Then from the MSSC equations we obtain the Wang-Sun 

system [11] with the four-scroll chaotic attractor (Fig.4): 
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Example 3 – The Chen-Lee  attractor. 
 
The MSSC parameters, which correspond to the Chen-Lee 

attractor [20] realization in the angular velocity components 
phase space, are: 
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  (20) 

Then from the MSSC equations we obtain the Chen-Lee 
system [20] with the two-scroll chaotic attractor (Fig.5): 
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Fig.3. The Dequan Li [6] chaotic attractor 
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Fig.4. The Wang-Sun four-scroll chaotic attractor [11] 

 

 

Fig.5. The Chen-Lee system [20] with the two-scroll chaotic attractor 
 

So, the considered models/systems/calculations represent 
the important cases of the MSSC dynamics which can be 
regular or chaotic depending on parameters combinations. It is 
the important aspect of the real motion realization in the 
frameworks of various space missions and programs [30]. 
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