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The attitude dynamics of the Lagrange gyrostat is considered. A dynamical analogy of
the heavy Lagrange gyrostat and the magnetic Lagrange gyrostat satellite on a circle equatorial
orbit in the geomagnetic field is shown. Analytical solutions for homoclinic and heteroclinic
phase trajectories are obtained. Dynamical chaos is analyzed. The practical application of the
Lagrange gyrostat in space flight dynamics is presented. The results of the paper can be especially
applicable for small spacecraft and nanosatellites of space remote sensing constellations.
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1. Introduction

The problem of the dynamics of a heavy rigid body rotating about its fixed point in a planar
gravity field represents an important part of theoretical mechanics. Significant results in this
scientific area have been obtained by Alexey V. Borisov. His numerous works noticeably enriched
and developed rigid body dynamics. First of all, mention should be made of the well-known
monograph [1], co-authored by Ivan S. Mamaev, where the main classical and modern problems
were collected and discussed. In addition, it is necessary to cite some works related to special
topics of the regular and chaotic dynamics of rigid bodies [2-6].

One of the questions addressed by A. V. Borisov is the possibility of generalizing the classical
cases of rigid body motion on the gyrostat system [1], and especially in the Lagrange case. In
this connection, the authors fondly remember their personal discussions with A. V. Borisov about
this problem, where the Lagrange gyrostat was considered not only in terms of integrability of
its mathematical model, but also from the mechanical point of view and practical applications
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in space flight tasks. Therefore, it is important to present in this paper some new results in the
Lagrange gyrostat problem, and to underline the gratitude to Alexey Borisov for his opinion and
suggestions.

As is well known, the Lagrange top is one of the classical cases of the angular motion of
a heavy body around a fixed point. This case has been well observed in classical works, but it is
not finalized in its own development. So, we should mention some papers with a multidirectional
study of the Lagrange top |7-18], where many aspects of its dynamics are studied, including
the symplectic structure, bifurcation analysis, resonance motions and cases with generalizations
of the potential. The next research directions are concerned with the perturbed Lagrange top
motion [19-26], where vibrating suspensions, small dynamical asymmetry and cases of principal
nonintegrability are investigated. A transition to the topic of the Lagrange gyrostat and mag-
netic gyrostats was implemented in the works [27-36], where, among other things, the possible
dynamical equivalence of the “heavy body” and the “magnetic body” is introduced [30], impor-
tant analytical solutions and elliptic quadratures are obtained [27, 28, 34|, and the practical
applications of magnetic spacecraft and gyrostat satellites are proposed [35, 36].

2. The classical case of the heavy Lagrange gyrostat

At the beginning of our research, it is useful to present a short description of main results
within the framework of the unperturbed Lagrange gyrostat [27|, consisting of the main body
and the rotor actuated by the internal torque (unbalanced gyrostat). The mechanical scheme of
the system is presented in Fig. 1.

X

Fig. 1. The heavy Lagrange gyrostat: OXY Z is an inertial coordinate system, Ozyz is a coordinate
system attached to the main body of the gyrostat
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Perturbed Dynamics of the Lagrange Gyrostat 3

The equations of motion for the Lagrange gyrostat can be written on the basis of the angular
momentum law:
J w+h+wxJ-w+h) =M (2.1)

where J = diag[A, A, C] is the inertia tensor of the gyrostat as a whole system, including the
main body and the immovable (“freezed”) rotor; w = [p, ¢, 7|7 is the absolute angular velocity
of the main body of the gyrostat referred to the frame Oxyz, attached to the main body;
h = [0, 0, C,0]T is the angular momentum of the rotor relative to the main body; o is the
longitudinal angular velocity of the rotor relative to the main body; C, is the inertia moment
of the rotor about the longitudinal axis Oz; M = [Pary,, —Pav,, 0]7 is the external torque
from the gyrostat weight P; r = [0, 0, a]T is the vector of the point of application of weight P;
~ = [V, Y9, 13)7 are the directional cosines of the inertial “vertical” axis OZ.

The motion of the rotor is described by the following equation:

C.(r+¢d)=M, (2.2)

where M, is the internal torque acting on the rotor from the side of the main body.

In the scalar form, Eq. (2.1) can be written as

Ap+ (C — A)gr + C.qo = Pary,,
A+ (A—-C)pr — C,poc = —Payy, (2.3)
Ci+C.6=0, C.(i+7)=M,.

The kinematic equations represent the Poisson system:
N =TV QY3 2 =PV 3= Py 0=0 (2.4)

with one additional equation for the angle of relative rotation of the rotor, §.
The following three classical first integrals will be actual for the system:

N+ +15 =1, (2.5)
A(pfh + q/)/2) + (CT + Cra)’YZi = KZ7 (26)
Cr+C.o=K,. (2.7)

Integrals (2.6) and (2.7) define the conservation of the system’s angular momentum referred to
the axes OZ and Oz. The fourth integral follows from the kinetic energy theorem:

0
% [A(P* +¢*) + Cpr® + Co(r +0)%] = Ty = —Pary; + /Mr dé, (2.8)
0
where C,, is the longitudinal inertia moments of the main body (C, = C — C,.), T, = 3 [A(p +
+q3) +C,rd +C,(ry+00)?], and p(0) = py, ¢(0) = gq, (0) = ry, 0(0) = 0 are the initial values
of the angular velocity components.
To simplify the expression (2.8), we can rewrite [27] the last two of equations (2.3):

Ci=—M,; C,(7f+6)=M,. (2.9)
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Multiplication of Eqgs. (2.9) by r and (r 4+ o), respectively, and subsequent integration gives:
1 1
5Cn dr® = — M rdt, 5Crd(r+ 0)? = M, (r + o) dt.

The sum of the last expressions represents the work of the internal torque M,.:

0
1
/M,, dé = 3 (C,r? + C(r + 0)?] + const (6 = o dt) (2.10)
0
and, therefore, the first integral (2.8) takes the form [27]:
A
) (p2 + q2) + Parys = const = h. (2.11)

Here we should underline that the integral (2.11) will be fulfilled at any arbitrary internal
torque M,. These four integrals allow one to write analytical solutions for the Euler angles in
elliptic functions and elliptic integrals under the action of an arbitrary internal torque M, [27]:
cos 0 = (uy — uy) sn?(Bt + o, k) + uy;
¥ = GI; — RIy + vy;
t (2.12)
p= /r(t)dt—G12 + R(I; —t) + ¢q
0

where the following constants take place:

K Ky, h Pa
_ Bz, _2z. g_=. _a
R A’ G A ) A? g A’
’_ _
8= g(u “1); 2= Y2 Ul; 0<k2<1;
2 u —uy
I, = n1H(§7 ny, k) — n2n(§7 UPy k) I, = _n1H(§7 ny, k) +Tl2H(§7 N9, k)
! 2B(ug — uy) b 2B (ug — uy) ’ 913
E=am(z, k); z=pft+a; n e Rl PPN R ¥ (219)
- 9 ) - 9 1 — ].+’U1 ) 2 1 _Ul )
H(§7 n, k) - ﬁ(§7 n, k) - ﬁ(507 n, k)a
; d
ﬁ(f, n, k’) = / g ’
J (1+nsin?€) /1 — k?sin?¢

and u,, uy, ' are the roots (—1 < u; <y < uy < 1 <u' < o0) of the polynomial f(u) = (H —
—2gu) (1 —u?) — (G — Ru)*.

The solutions (2.12) repeat, in general, the structure of the classical solutions for the La-
grange top as one single body, but in the case of the unbalanced Lagrange gyrostat we have not
the constancy of the longitudinal angular velocity 7, which now depends on time (2.9) due to
the presence of the internal torque M,.:

1

r(t) = e

/ M.(8) dt + 7. (2.14)
0
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Perturbed Dynamics of the Lagrange Gyrostat 5

Moreover, the form of the internal torque can be very complex, and can depend on all dynamical
parameters:

M, = M,(t) = M,(p(t), q(t), r(t), o(t), 0(t), ¥(t), ¢(t), 6(t)),

and, therefore, it cannot be said that the solutions (2.12) fully repeat the classical form for the
Lagrange top. For this reason the solutions (2.12) are quite independent and are not identical to
the classical ones (at least in terms of constants’ values, of integral (2.8) form, and in the form of
the intrinsic rotation angle ¢(t)). So, this fact is important for practical applications, especially
when it comes to the attitude dynamics of gyrostat satellites.

3. The Lagrange gyrostat as the satellite in a geomagnetic field

Let us consider the attitude motion of a satellite with a magnetic control system, which
generates the own dipole magnetic moment m of the satellite. Then the satellite will interact
with the external geomagnetic field during the motion of its center of mass along the orbit. If
the orbital motion is implemented along the equatorial circular orbit, then we can consider the
external geomagnetic induction as constant vector B_, , i.e., the geomagnetic field in this case
is constant. This argument is followed from the approximate modeling of the geomagnetic field
structure as the force surfaces of the Earth magnetic dipole B (Fig. 2).

Fig. 2. Force surfaces of the geomagnetic field (a) and the orbital motion of the satellite (b) along the
equatorial circular orbit with a constant vector of geomagnetic induction

Obviously, for any inclined orbit the geomagnetic induction vector will be variable (B, =
= var). So, in the case of the circle equatorial orbit we get dynamical conditions similar to the
Lagrange top case (Fig. 3), when the magnetic interaction plays the role of the gravitational

torque:
M=rxP <+ M=mxB_. (3.1)

Therefore, under the condition (mB_, = —Pa) the motion of the magnetic gyrostat will fully
repeat the motion of the heavy gyrostat.

We will describe the attitude motion of the gyrostat satellite in Euler angles in the orbital
frame C XY Z with origin at the center of mass (Fig. 3). In this case, we will have the following
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kinematic equations:
p = 1sinfsinp + 0 cos p + Q2O 3;
q = 1sinf cos ¢ — 0 sin p + QOys; (3.2)
r=1cosh+ @+ NO4; '
o=4
where ) is the orbital angular velocity and ©;; are the components of the transition matrix
between the orbital and the connected frames:

O3 =sinpsinf; Oy3 =cospsind; O3 = cosb. (3.3)

Fig. 3. The magnetic gyrostat satellite in the orbital frame C XY Z under the dynamical conditions of
the Lagrange top along the equatorial circular orbit

Let us derive canonical equations for the Euler angles. The canonical momenta are:

_oT oT or AT

=%, =%, - . - 3.4
2 P T PeTag P, (3.4)

Do

Then, differentiating the kinetic energy and using (3.2), we can write the so-called conjunc-
tional expressions:

g: Py. ;: (A sin? § 4 C,, cos? «9) Py — Aps sin® 0 — Cni% cos 9_
A’ AC, sin? 0 ’ (3.5)
Asin? 6 ’ c.C, '
Then the kinetic energy can be rewritten as
& (pycost —py)’? L Cubi + Ay —p5)° P} (3.6)

2Asin? 0 2AC, 2C,
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Perturbed Dynamics of the Lagrange Gyrostat 7

The potential energy has the form
P=— / m| - |B,|sinddd = m|- |B,|cos? =m- B, =mB,, cosb. (3.7)
Then the Hamiltonian of the magnetic Lagrange gyrostat satellite is
H = Zpi /C;z —L(g;, ;z) =
i

(pgo cos 6 ﬁl/))Q Cnpg ‘ (pSO I 5)2 ! 6 (9] —+
2A SinQ 6) 2ACn * 2Cr pd) m orb cos ( )

The Hamiltonian (3.8) generates the corresponding canonical equations (here we do not
write their explicit forms):

. OH OH
=50 Pi= g =10 e 0k (3.9)

Equations (3.9) will describe the unperturbed dynamics of the Lagrange gyrostat in the
conservative case without the internal torque M, acting between the main body and the rotor,
and, therefore, with constant longitudinal angular velocities of the main body and the rotor
(r=ry o=o0y).

If we add the internal torque M, then the equations for the intrinsic rotation angle and for
the momentum of the relative rotor rotation take the form

pé = Mr(t);
. prOS29—p¢COSQ +p¢—p6(t) (3.10)
7T Asin? 0 c,

It follows from (3.10) that it is possible to control the trend of the intrinsic rotation. As
the simplest example, if we produce the internal torque in the form
Mr(t) = Mspin ’ (H(t) - H(t - Tspin)) + Gwé cos(w(;t) (311)
then we can compensate for the growth of the average value of the angle ¢ and its oscillating
parameters. In the law (3.11), the rotor spin-up part of the torque and the rotor oscillating part
of the torque are presented, where M, s the value of the spin-up torque, H(-) is the Heaviside
function, T. spin 1S the duration of the rotor spin-up process, G and w; are the amplitude and
frequency of generated oscillations of the rotor. With the torque (3.11) the time dependence
for the momentum of the relative rotor rotation after the spin-up process (after time T, ) will
correspond to the expression

p(;(t) = Pso + MspinTspin + G'sin wét' (312)

The momentum p; produced by the internal torque (3.12) will change the trend of the intrinsic
rotation angle due to the second of Egs. (3.10). This dynamical possibility can be used to control
the intrinsic rotation by the simplest tools. When it comes to the gyrostat satellite, the control
of the rotor rotation by the internal spin-up electromotor can control the intrinsic rotation of the
main body. This dynamical aspect can be applied within the framework of the remote sensing
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8 A. V. Doroshin, V.S. Aslanov

of the Earth (Fig. 4). In this case the scanning camera is placed on the longitudinal axis on the
opposite (to the rotor) side of the satellite. The nutational-precessional motion will direct the
scanning camera, and the internal electromotor of the rotor will control the axial rotation of the
camera and images received by it. Under real conditions this possibility can be more accessible in
the cases with using feedback control, when the internal torque is formed by the control system
in an appropriate form. Moreover, the parameters of the nutational and the precessional motion
also can be changed by the feedback control by creating the corresponding value of the dipole
moment m, defining the value of the restoring torque M,.

Ad

I\

Fig. 4. The remote sensing of the Earth during the controlled angular motion of the magnetic Lagrange
gyrostat satellite: the angular motion forming the scan route and the final image strip

The results of simple modeling are depicted in Figs. 5, 6, where the scan route and intrinsic
rotation (the camera’s axial rotation) was formed by the simplest internal torque (3.11). It
should be noted that in this paper we use hypothetical values of all parameters, which do not
correspond to natural values (B, , m, inertia moments, initial conditions), but it was allowed
to show the qualitative side of the phenomena; and a concrete quantitative analysis with real
processes is a separate engineering problem.

(a) (b)

Fig. 5. Time-dependencies for the nutation 6 (red), the intrinsic rotation ¢ (blue), the precession (green)
angles during a hypothetical remote sensing process with the torque (3.11)
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Fig. 6. The coverage of the scanning strip during the angular motion: (a) the strip {Av, A8} and (b) the
intrinsic rotation hodograph {Ay, A#}

Table 1. Numerical parameters for calculations (Figs. 5, 6)

A Cn Cr my Borb pw ptp Ds Q Ws G MspinTspin
[kg - m*] | [kg  m®]|[kg-m?]| [N-m] |[kg-m?/s]|[kg - m?/s]|[kg-m?/s]| [1/s] |[1/s]|[ke m?/s]| kg m?/s]
0.5 0.6 0.2 100 4 4 4 0.001| 10 2 2.05

4. The perturbed dynamics of the magnetic Lagrange gyrostat
satellite
In this section, we proceed to a development of the Lagrange gyrostat satellite case by some

complication in the dependence for magnetic dipole m, which is formed by the control system
and magnetic actuators (e.g., magnetic coils), and in the general case can have any form:

m=var = m(Qza Pis t) (41)

This complication significantly generalizes the classical problem of the Lagrange gyrostat,
and defines a new broad research problem.

In this paper, we consider only one case of generalization, which corresponds to the so-called
biharmonic restoring torque M, [18]. Let us consider the dependence for the dipole moment,
which is formed by the control system, in the following form:

m = m(#) = my + mqycosf (4.2)
where m;, m4 are some constants. Then we obtain the biharmonic potential energy:
P =mB,,, cos = my By, cos + myB,,, cos? . (4.3)
The corresponding Hamiltonian can be written as

2 2 2
b (ppcos —py)*  Copj+ Alp, — ps) N p?

YT JAC, 20 Qpy, +my By, cos 0 +my By, cos® 6. (4.4)
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A complete study of the dynamics in this case is a complex analytical investigation which
can involve obtaining analytical solutions, considering the phase portrait of the system and its
bifurcations, introducing action-angle variables, etc.

In this paper, we focus only on searching for homo- and heteroclinic phase trajectories,
which are very important in research into the chaotic dynamics.

Moreover, in the following analysis we assume that the equality of constant canonical mo-
menta takes place:

Condition (4.5) enables the emergence of saddle points in the phase portrait in the plane {6, p,}.

The concrete form of the phase portrait and locations of saddle points in it can be studied by
investigating the generalized potential:

B pi(cose —1)2 Alp, — 105)2+ pg

o) = H’/Pe—m - 2Asin?0 N 2AC,, 2C,

—Qp,+my By, cos 0+my By, cos® 6. (4.6)

The generalized potential depends on the set of values of constants and their relationships, which
can be studied in detail. We will not analyze this complete bifurcation structure; instead, we
consider three concrete possible cases.

4.1. Case 1

Let us assume that the form of the potential (4.6) corresponds to Fig. 7. In this case, the
phase portrait has two symmetric (left and right) homoclinic trajectories with a common saddle
point at ¢ = 0, p, = 0.

Fig. 7. The first form of the generalized potential (red) and its derivative (blue)

Table 2. Parameters for calculations of case 1

A Cn CT mlBorb mQBorb pw b, bs Q
(kg m?]|[kg m?]|[kg - m?|| [N-m] | [N-m] |[kg m?/s]|[kg-m?/s]|[kg - m?/s]|[1/s]
0.5 0.6 0.2 100 | —45.85 4 4 4 0.001

The value of the Hamiltonian (4.4) at the saddle point under condition (4.5) is

(pgp - p5)2
2C

n

2
% P
h* = + -0 ngp + mlBorb + mQBorb' (47)

2C,
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The phase trajectory with energy value (4.7) will be described by the equation (H — h* = 0):

(pg —2myB_ A sin?f — p?p) cos — 2A(m B, +myB,_ ) sin? 6 + pa + pg
2A(cosf +1)

= 0. (4.8)

From Eq. (4.8) we obtain the dependence for the canonical momentum:

1
Do = :l:m\/2m2B Asin® 0 — 2m, B_y A(cos 6 — 1) sin® 0 — p2(cos 0 — 1)2. (4.9)

orb

The canonical differential equation for momentum p, at the condition (4.5) has the form

Pp = (24my By, cos® 0 + A(my Boy, + 4myBoy,) cos 0 +
sin 0

+2A(my By, +myBoy,) 08 0 +my By, A — p3) Acosf + 1)

(4.10)

Now we change the variable:
u = cosf. (4.11)

Then Eq. (4.10) takes the form

V1—u?

Do = A(u+1)? (2413 By, u® + A(my Bog, + 4my By, Ju® +

+2A(my By, +my By, )u + my By, A — p?p) . (4.12)

The expression (4.9) with the new variable can be rewritten as

2
\/2 ((U + 1)(mQBorbu + mlBorb + mQBorb)A - %) (u - 1)2
+

Differentiating (4.13) with respect to time gives
2 mlBorb p2§9
ap \/5(11, - 1) (U + 1) mQBorbu + 2 A— 2
Py = 8—15“ == .
2
(u+1)V1-— u2\/(A(u +1)(myB_u+m B, +myB_ ) — %) (u—1)2
(4.14)
Equating (4.14) and (4.12) and separating the differentials, we obtain
d 2dt
Y — - q:\/;l . (4.15)
(u—1)- \/<(u +1) (myBu+m B, +myB, ) A— ‘%)
Integrating Eq. (4.15) gives
V2t
F(u) ~ Flug) = 52, (4.16)
where
2 28) + so(u— 1) + 2 /57/4A(u — 1)?>myB_, + squ+ 8, — s
F(u) = In 1+ 59( ) +2,/51/4A(u —1)°myB ) + su + 5, — 5y : (4.17)
N u—1

81 = 8"4Borb("n1 + m2) + 87n2Borb‘4 - 2p520; Sg = 4‘4301"b("nl + m?) + 12TnQBorb‘LL
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The value u, is the initial condition of the motion along the homoclinic trajectory; it corresponds
to the point where the trajectory crosses the axis for the f-variable in the phase portrait, i.e.
when p, = 0 at § # 0 (due to the symmetry properties). Therefore, this value will correspond
to the solution of the equation following from (4.13):

(ug + 1) (moByug +my By, + moBoy, ) A — 5 = 0. (4.18)

The appropriate solution to (4.18) is

mlBorbA + 2m2BorbA + \/Agm%Bgrb + 2ApamQBorb

g = (4.19)
2myB A
The final analytical solution for u(t) follows from (4.16) after inversion of functions:
— /51 (AF (ug) FV2t) — /51 (AF (up) FV2t)
() 16myB, 1 As; — 83 + (25 — 4s1)e o e (4.20)
utt) = — /1 (AF(ug)FV3t) ~ /T (AF(ug)FV3t) '
16my B, As, — s3 + 2s,e 24 —e A

Then we have the analytical solutions (4.20) for cos # and for canonical momentum (4.13), which
are linked with the homoclinic trajectory.

Now we numerically confirm the analytical solutions and plot the corresponding phase por-
trait {6, p,} (Figs. 8, 9), where the axis for momentum p, is scaled for the maximum value p, =
=30 [kg - m?/s].

Fig. 8. The homoclinic trajectory of case 1: the magenta line is the analytical solution, and the red dots
indicate numerical calculations

Here we need to note that similar homoclinic solutions under the dynamical conditions of
this case were presented in [26]. The solutions [26] correspond to the classical Lagrange top:

2
u(t) = cos@ = 1 — ysech (@t) :

4.21)
Py 2 (
-z 2mgl p
v=2—(2i31; =055 b= gl = my By,
A

The new analytical solutions (4.20) generalize solutions (4.21); as the value m,B,, decreases,
the new solutions get closer to (4.21) — this can be observed in Fig. 10.

E RUSSIAN JOURNAL OF NONLINEAR DYNAMICS



Perturbed Dynamics of the Lagrange Gyrostat 13

Py

Fig. 9. The phase portrait of case 1: the left homoclinic trajectory (the red line) is numerical, and the
right trajectory (the magenta line) is analytical

-0.6 -04 -02 0
_5]

-06 -04 =02 0
_5.

—10 —10"
(a) (b)

Fig. 10. Comparison of solutions (4.20) (lines) and (4.21) (dots): (a) the dependences for 6 (red) and
for p, (blue) at myB,;, = —45.85 [N - m]; (b) the dependences for 0 (red) and for p, (blue) at myB, ., =
= —0.4585 [N-m)]; (c) the homoclinic trajectory of the phase portrait {6, p,} at myB,;, = —45.85 [N-m];
(d) the homoclinic trajectory of the phase portrait {6, p,} at myB,, = —0.4585 [N - m]

4.2. Case 2

Assume that the form of the potential (4.6) corresponds to Fig. 11. In this case, the phase
portrait has two symmetrical (upper and lower) heteroclinic trajectories with different saddle

RUSSIAN JOURNAL OF NONLINEAR DYNAMICS E



14 A. V. Doroshin, V.S. Aslanov

points. Moreover, as we can see from Fig. 11, the roots of the potential derivative are multiples
(we need this to analytically integrate the solution).
This case is satisfied under the following constraints:

11(6)

300
200
100

w

3

|
S
(SIE

w |

3

3

A

B ~100 4
200

Fig. 11. The second form of the generalized potential (red) and its derivative (blue)

Table 3. Parameters for calculations for case 2

A c, C, my By, M By, Py Py Ds Q
(kg -m?]|[kg m?]|[kg - m?|| [N-m] | [N-m] |[kg m?/s]|[kg-m?/s]|[kg m?/s]|[1/s]
0.5 0.6 0.2 100 | —45.85 7.071 7.071 7.071  ]0.001

As we can see from Fig. 11, the center point will be located at § = p, = 0 and two saddle
points will symmetrically surround the center. The location of saddle points can be found from
the solution of the generalized potential derivative:

Ol sin® (2myB,y, cos® 0 4 (my By + 4myB, ) cos 0 + 2my B,y + 2my B,y ) cosf 0
00 (cos® +1)2 B

(4.23)
The appropriate roots of (4.23) are

2
m7 — 8mymsy

cos 0" = u* = (4.24)

4m,

Then we can calculate the value of the energy along the heteroclinic trajectory connecting these

two saddle points h* = ’H‘ (py—20; 056+ ) The dependence of the canonical momentum on the

coordinate (after the change of variable cos @ = u) takes the form

A
po(u) = \/% {QCT(CnQ +ps)(u+1)\/Am B_, — p§(u+1)C,,—

- (2u3m2Borb + 2Borb("nl + m2)u2 + (mlBorb - Qh*) u —2h" + mlBorb) CTCTL_

—(u+1) (Amy By, +p3) C,] . (4.25)
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The canonical differential equation for momentum p, in the case considered is

. uv1— u? (27’nQBorbu2 + (mlBorb + 4mQBorb)u + 2Borb(7nl + m2))

After differentiating (4.25) with respect to time and after equating with (4.26), we obtain
the differential equation for u:

——2 T =1 —udt (4.27)
where

polys(u) = —AC,C, [ 20, (C,Q + ps) (u+ 1)/Am; By + p2(u+ 1), +
+ ((2u3mQBorb + 2Borb(7nl + mQ)u + (mlBorb - 2h*) u — 2h* + mlBorb) Cn+
+ (u + 1) (AmlBorb + pg)) CT] :

The polynomial polys(u) has one simple (U;) and two multiple (U,) roots (Fig. 12).

polys(u)
0.00021
pa~_
~0.0 0] 002 0.04 0.06 0.08 0.10
—0.00011

—0.0002+

Fig. 12. The polynomial polys(u) and its roots

After the expansion of the polynomial polys;(u) into roots, Eq. (4.27) can be rewritten as

2A
- Cy du = 24t. (4.28)
(u— Up)y/—2ACZC2m, By~ U1 — )
After integrating, we can write the solution:
F(u) — F(ug) = 2t, (4.29)
where
A 2
F(u) = 2 X
VAC2C2m, B, (U, — 1)(U, — U;)
4A0202m2 orb\/ Ul)\/(u B Ul)(u - 1)
X In —
u— U2
2A((u+ Uy = 2)U; + (1 = 2Up)u + Uy)C2Camy By,
— i . (4.30)
u—Us

The initial condition for u, corresponds to 6, = 0 due to symmetry of the heteroclinic
trajectory, and, therefore, uy, = 1.
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In this case, the final analytical solution after inversions of functions is

U= T L

where

v _
fl(t) - _4AmQBorbC1gcz((U2 - 2)U1 + UQ)eAC"\/ﬁ;

1 % 244, 22 2
f2(t):4U2 Ze " +A CrCnm2Borb(U1_1) )

v(t)
f3(t) = 4Am280rb0302(U1 - 2U2 + 1)€Ac”\/§;

V2v t)

(
falt) = e A% +4A*CrCum3 Bl (U — 1)%

orb

o(t) =/ Amy By, C2C(U, — 1)(U, — Uy) (2t + F(1)).

So, now we have the final analytical solution (4.31) for cos# and for momentum (4.25). The
numerical confirmation of the analytical solutions and the phase portrait {6, p,} are presented in
Figs. 13, 14, where the axis for momentum p, is scaled for the maximum value p, = 30 [kg -m?/ s] .

Py

—0.1

—0.2

Fig. 13. The homoclinic trajectory of case 2: the magenta line is the analytical solution, and the red dots
indicate numerical calculations

4.3. Case 3

Assume that the form of the potential (4.6) corresponds to Fig. 15. In this case, the phase
portrait has two symmetrical (upper and lower) heteroclinic/homoclinic trajectories with saddle
points {9{ =0; pp = 0} and {9{ = 2m; pp = 0}. The 27-periodic repetition of the saddle points
allows one to consider the trajectory connecting saddles as homoclinic and as heteroclinic.

This case is fulfilled under the following constraints:

Py =P, = 0. (4.32)
In this case, the value of energy along the homoclinic trajectory is

e = PG+ Cy)

2CnCr + mlBorb + mQBorb' (433)
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Fig. 14. The phase portrait of case 2: the upper heteroclinic trajectory (the magenta line) is analytical,
and the lower trajectory (the red line) is numerical

100+ ()
501
0 v g 0

_50_

Fig. 15. The third form of the generalized potential (red) and its derivative (blue)

Table 4. Parameters for calculation for case 3

A Cn Cr mlBorb mQBorb pd) Py, Ds Q
(kg m?]|[kg m?]|[kg - m?|| [N-m] | [N-m] |[kg m?/s]|[kg - m?/s]|[kg - m?/s]|[1/s]
0.5 0.6 0.2 100 | —45.85 0 0 4 0.001

The dependence for the momentum on the coordinate (cos @ = u) has the form

\/QAmQBorb (1 —u2)? = 24m; B, u (1 —u?) + 24m,B_, (1 — u?)

U 4.34
The canonical equation is
Pg = V1 —u?(2my By u + my Byy,). (4.35)
Differentiating Eq. (4.34) with respect to time, we obtain
AV2(u —1 B .u+im,B + 1)1
Py = \/_(U ) (m2 orb® T 3 orb) (U )u (436)

\/A('LL + 1)(“’ - 1)2(m2‘Borbu + mlBorb + mQBorb)\/l —u? '
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After equating (4.36) with (4.35), we obtain the differential equation for wu:

du 2
— 2 4.37
(U - 1)\/_m2‘Borb(u + 1)(6 - U) \/; ! ( )

where b = —%. Integrating Eq. (4.37) gives
2
F(u) — F(ug) = — Zt (4.38)
where
1
F(u) =— X
V2my B, (1= b)
1 2¢/2myB (1 —b)\/(u+1)myB, 4 (u—b) — ((b — 3)u+ 3b — 1)my,B,
n v — 1 .

The initial condition for u, corresponds to ¢, = 7, and, therefore, u, = —1. The final solution

follows after inversion of functions:

2ty /my B 4 (1-b) aty/myB_ 4 (1=b)
(2—6b)e VA +le v +1)(b+1)

u(t) =

2ty /myB__ (1-D) aty/myB_ | (1-b) (4'39)
(2b —6)e VA + (e VA + 1) (b+1)

So, now we have the final analytical solution (4.39) for cosf and for the canonical momen-
tum p, (4.34). The numerical confirmation of the analytical solutions and the phase por-
trait {6, p,} are presented in Figs. 16, 17, where the axis for momentum p, is scaled for the
maximum value p, = 30 [kg . mg/s].

Py
0.4
0.3
0.21
0.1

0
—-0.1
—0.21
—0.3 )
—04 %%, ) ‘Vo"&

Fig. 16. The homoclinic trajectory of case 3: the magenta line is the analytical solution, and the red dots
indicate numerical calculations

4.4. Small time-perturbations and chaotization of motion

The analytical solutions obtained above for the homo- and heteroclinic trajectories (ca-
ses 1-3) allow analyzing the possible chaotization of the magnetic Lagrange gyrostat dynamics.
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Py

08l 7 T~
0.6 ———/\

N
0.4 /\

021
01 b
6
0.2
04 v
~0.6 \/—_

08 T~~—

Fig. 17. The phase portrait of case 3: the upper heteroclinic trajectory (the magenta line) is analytical,
and the lower trajectory (the red line) is numerical

As a short example, we can consider the homoclinic (heteroclinic) chaos arising under the action
of small harmonic perturbations changing the value of the magnet dipole moment terms:

my =y (1 +esin(w,,t));  my =my(l +esin(w,,t)), (4.40)

where ¢ is the small dimensionless parameter, and w,, is the frequency of perturbing oscillations.
The perturbation (4.40) can model parasitic oscillations in electrical circuits in magnetic coils of
the satellite control system.

The presence of the perturbations (4.40) changes the equation for the canonical momen-
tum p,, where the small addition proportional to ¢ appears on the right-hand side:

my B
g(0,t) =2¢ <mgBorb cos 0 + %) sin 0 sin(w,,t). (4.41)

The equation for the angle # has not any additions, the equation retains its unperturbed form:

; p

0= f(py) =1 (4.42)
In the type of perturbed system considered above, the following Melnikov function can be

written (where §(t) and p,(t) are the homoclinic (heteroclinic) solutions obtained in the previous

subsections):
+oo

M(r) = / g(B(t), t+ ) f (1)) dt. (4.43)

—00
On the basis of the concrete form of functions f and g we take:

my

+00
M(r) = 2—; / <m280rb cos O(t) + %) sin 0(t) sin(w,,, (t + 7))py(t) dt. (4.44)

—00
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After trigonometric transformations, up to a multiplier we obtain:

M(1) = M,(1) 4+ M,(7), (4.45)
where
+00 — B
M () = cos(w,,T) / (mgBorb cos () + %) sin ()P, (t) sin(w,,,t) dt;
‘f; (4.46)
M, (1) = sin(w,,,T) / (mgBorb cos () + mlTBorb> sin ()P, (t) cos(w,,t) dt.

If we plot the integrands of (4.46) on the basis of the analytical solutions of case 1, then we
obtain the graphs shown in Fig. 18.

—-0.4 . 0.2 0.4

—100000

Fig. 18. Graphs of the integrands of M, (blue) and M, (red) in case 1

The form of the integrand M, (Fig. 18) corresponds to an even function, therefore, the
improper integral M, will have nonzero value M,. The integrand M, corresponds to an odd
function, therefore, integral M, gives zero value. Then the Melnikov function takes the harmonic
form:

M(7) = M, cos(w,,T). (4.47)

The harmonic form (4.47) has an infinite number of simple zeros, therefore, homoclinic chaos
will arise in the system.
Also, in cases 2 and 3 dynamical chaos will be initiated by perturbations (4.40), which can
be shown by analogy. In addition, it is quite illustrative to show the Poincaré sections {6, p,}
for all three cases of phase portraits under the action of the perturbation (4.40) (Figs. 19-21).
So, for all three cases we see chaotic dynamics under the action of small perturbations, which
was illustrated by the Melnikov function and Poincaré sections.

4.5. New possibilities in remote sensing

New dynamical possibilities for the magnetic Lagrange gyrostat under changes in the own
magnetic dipole moment m allow one to synthesize nutational-precessional motions that can be
applied to a more accurate scanning in the remote sensing tasks (Fig. 4). Varying the control
of the dipole moment can change the parameters of nutational and precessional oscillations,
and the internal torque of the rotor spin-up can control the intrinsic rotation angle. In our
modeling, the simplest variant of this method was considered when we added only one additional
second harmonic to the potential (4.3) and generated a simple form of the internal torque (3.11).
However, even this simplest generalizing case allows finding appropriate motion regimes (Fig. 22)
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(a)

Fig. 20. The Poincaré section and the heteroclinic area in case 2 at e = 0.1 and w,,, = 5.5 [1/s]

and parameters (Table 5). These regimes are characterized by small values of precession and

intrinsic rotation oscillations, which can form a concentrated scanning strip.

As we can see from Fig. 23, we have a quite concentrated scanning strip as compared to the
wide view variant (Fig. 6). So, the development of this approach can be quite useful in space
missions with remote sensing satellites, especially in cases of nanosatellites with simple sets of
control actuators. Certainly, such a development is a research problem in its own right.

Table 5. Parameters for calculation (Figs. 22, 23)

A Cn CT‘ mlBorb mlBorb pw Py Ps Q Ws G MspinTspin
[kg-m?]|[kg-m*]|[kg-m?]| [N-m] | [N-m] |[kg -m?/s]|[kg-m*/s]|[kg - m?/s]|[1/s] |[1/s]|[kg - m>/s]|[kg m?/s]
0.5 0.6 0.2 1 —45.85| 0.001 0.001 1.48 ]0.001| 10 0.005 —1.48
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Fig. 21. The Poincaré section and the heteroclinic area in case 3 at e = 0.1 and w,,, = 5.5 [1/s]

11 0.005
4 0.004
0.5
0.003 ®
01 0.0021
0.001+ ()
—0.51 04
4 ' , ' ' —0.0011 ’ ' ' '
0 2 4 6 8 t,s 10 0 2 4 6 8 t,s 10
(a) (b)

Fig. 22. Time dependencies for the nutation 6 (red), the intrinsic rotation ¢ (blue), the precession
(green) angles during hypothetical remote sensing process with the torque (3.11)

5. Conclusion

In this paper, the attitude dynamics of the Lagrange gyrostat was considered. A dynamical
analogy of the heavy Lagrange gyrostat and the magnetic Lagrange gyrostat on the circular
equatorial orbit in the geomagnetic field was shown. Analytical solutions for a homoclinic and
heteroclinic phase trajectory were obtained. These analytical solutions correspond to three cases
of separatrices in different forms of phase portraits. Using the solutions obtained, dynamical
chaos was analyzed with the help of the Melnikov function and Poincaré sections of the phase
space of the perturbed system. A practical application of the Lagrange gyrostat was proposed
within the framework of space flight mechanics. The results obtained can be especially applicable
for small spacecraft and nanosatellites of space remote sensing constellations.
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Fig.
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23. The coverage of the scanning strip during the angular motion: (a) the strip {Av, Af} and

(b) the intrinsic rotation hodograph {Ay, A6}
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